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Correlations

Basic issue:
For 1 parameter, quote value and uncertainty
For 2 (or more) parameters,
(e.g. gradient and intercept of straight line fit)
guote values + uncertainties + correlations

Just as the concept of variance for single variable is more
general than Gaussian distribution, so correlation in
more variables does not require multi-dim Gaussian

But more simple to introduce concept this way



Learning to love the Covariance
Matrix

* Introduction via 2-D Gaussian

» Understanding covariance

* Using the covariance matrix

Combining correlated measurements
« Estimating the covariance matrix




14 Experimental errors y =_1  exp{-(x-u)*/(25%)}
Reminder of : Ve o
1-D Gaussian || |
or Normal

Fig. 1.5. The solid curve is the Gaussian distribution of egn (1.14).
The distribution peaks at the mean w, and its width is characierised by
the parameter ¢. The dashed curve is another Gaussian distribution
with the same values of s, but with ¢ twice as large as the solid curve.
Because the normalisation condition (1.15) ensures that the area under
the curves is the same, the height of the dashed curve is only half that
of the solid curve at their maxima. The scale on the x-axis refers 1o
the solid curve

Significance of 0

1) RMS of Gaussian =0

(hence factor of 2 in definition of Gaussian)
i) Atx = u£0, Yy =y, ., /Ne ~0.606 Y.,

(i.e. 0 = half-width at ‘half’-height)

iii) Fractional area within y£0 = 68%

iv) Height at max = 1/(oV/2m)
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Element E;; - <(x; — x;) (X — X;)>
Diagonal E; = variances

Off-diagonal E; = covariances



Towards the x and y uncorrelated
. : P(x,y} = G1(x) Galy)
Covariance Matrix G,(x) = 1/(\2no,) expi-x?/20.2}

P Gi(x) = 1/(\2na,) exp{-y?/20,2)

A
v

P(x,y) = 1/(2rno,0,) exp{-0.5(x*/0,*+y*/c %)}
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8x2 + 2y2 =1

0.5(13x2 + BV3Xy’ + 7y’2) =1 13/2 3312 (1132 7 -3V3/2
(3V3/2 712 ) (-3V3/2 13)
INnverse Covariance
covariance matrix
matrix

Correlation coefficient p
= covariance/o(x’)o(y’)
= (-3V3/2)/sqrt(7*13)
-0.27

7/32 = (0.468)? = o(x")?
1/6.5 = (0.392)2
1/8 = eigenvalue of covariance matrix = o(x)?
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Using the Covariance Matrix

(i) Function of variables

Y = Y(Xa, Xp)
Given covariance matrix for x,, xp, what is o, ?

Differentiate, square, average
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(if) Change of variables x; = Xa(pi,p;j)
Xp = Xb(Pi,P))
e.g Cartesian to polars; or
Points in x.y = intercept and gradient of line

Given cov matrix for p;,p;, what is cov matrix for x,,x, ?
Differentiate, Calculate 6x36xb, and average
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E, = TE,T

BEWARE!
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Example from 5
Particle Physics
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Examples of correlated variables
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Using the Covariance Matrix
CoMBININE ReSLTS
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BLUE
Best Linear Unbiassed Estimate

Combine several possibly correlated estimates of same quantity

e.g. V4, Vs, V3 N _
Covariance matrix 042 COVi, COVq3
COVi, 052 COVy3

COVqi3 COVo3 032

~— P

Uncorrelated Positive correlation Negative correlation

COVij - p'] Oi O] W|th '1 < p < 1

Lyons, Gibault + Clifford
NIM A270 (1988) 42



BLUE
Best Linear Unbiassed Estimate

Combine several possibly correlated estimates of same quantity
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Viest = W4V + WoV, + W3V, Linear
with w, + w, + w; =1 Unbiassed

to give Ot = min (wrt w,, w,, w;)  Best
For uncorrelated case, w,~ 1/0
For correlated pair of measurements with o, < o,

Vbest = O Vq+ B vy p=1-a

B =0 forp=o0,0, (Smaller B > weights both >0)
B <0 for p > 0'1/02 l.e. extrapolation! e.g. vy = 2V — Vs

Extrapolation is sensible:

T (I

Vtrue V1 V2

V>




Beware extrapolations because

[b] Opest tends to zero, for p = +1 or -1

[a] Vpest SENSItive to p and 04/05

N.B. For different analyses of ~ same data,
p ~ 1, so choose ‘better’ analysis, rather than
combining

Fig. 1
20



N.B. 0, depends on 04, 0, and p, but noton v, — v,
e.g. Combining 0+3 and x£3 gives x/2 = 2

BLUE = ¥?
S(Vpest) = 2 (V; = Vpest) E™i (V; = Vpest) » @nd minimise S wrt vy
S,.., distributed like x?, so measures Goodness of Fit
But BLUE gives weights for each v.

Can be used to see contributions to o, from each source
of uncertainties e.g. statistical and systematics

different systematics

Extended by Valassi to combining more than one measured
guantity e.g. intercepts and gradients of a straight line



MORE COMBINING:
Several pairs of correlated params
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Small uncertainty
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Uncertainty on Qg energy

When combining pairs of

variables, the uncertainties on the

combined parameters can be
much smaller than any of the
individual uncertainties

e.g. Qdark energy
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Estimating the Covariance Matrix
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3) TRAISFoR MATIONS
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Conclusion

Covariance matrix formalism
makes life easy when
correlations are relevant
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